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from supersymmetric matrix quantum mechanics 
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We perform a direct test of the gauge-gravity duality associated with the system of N DO-branes 
in type IIA superstring theory at finite temperature. Based on the fact that higher derivative 
corrections to the type IIA supergravity action start at the order of a' 3 , we derive the internal 
energy in expansion around infinite 't Hooft coupling up to the subleading term with one unknown 
coefficient. The power of the subleading term is shown to be nicely reproduced by the Monte Carlo 
data obtained nonperturbatively on the gauge theory side at finite but large effective (dimensionless) 
't Hooft coupling constant. This suggests, in particular, that the open strings attached to the 
DO-branes provide the microscopic origin of the black hole thermodynamics of the dual geometry 
including a' corrections. The coefficient of the subleading term extracted from the fit to the Monte 
Carlo data provides a prediction for the gravity side, which can be checked once the complete form 
of the 0(a' 3 ) corrections to the supergravity action is obtained. 
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Introduction. — It is widely believed that large- N 
gauge theory provides a nonperturbative description of 
superstrings [l|, Q and hence of quantum space-time. In 
pursuing such a direction, it is useful to consider a par- 
ticular set-up with a stack of N D-branes in the so-called 
decoupling limit. After taking this limit there exists a 
parameter region, in which the superstring theory in the 
bulk ten dimensions reduces to a classical supergravity 
theory so that one only has to consider a particular clas- 
sical solution that describes the N D-branes. On the 
other hand, the worldvolume theory of the N D-branes 
is given by a supersymmetric U(iV) gauge theory. In 
the above parameter region, which corresponds to taking 
the planar large-iV limit with infinite 't Hooft coupling, 
the gauge theory is conjectured to have a dual descrip- 
tion in terms of the supergravity solution Including 
a' corrections on the gravity side corresponds to includ- 
ing subleading terms with respect to the inverse 't Hooft 
coupling constant on the gauge theory side. Similarly, in- 
cluding string loop corrections corresponds to including 
1 /N corrections. In fact the gauge theory is well-defined 
for arbitrary coupling constant and N, and thus it is 
expected to be a non-perturbative description of super- 
strings in a certain curved background. 

The system of DO-branes in type IIA superstring the- 
ory provides a particularly simple example of the gauge- 
gravity duality Q since the gauge theory in this case 
lives in one dimension, and hence it is nothing but ma- 
trix quantum mechanics (MQM). It is also important due 
to its connection [l| to M theory @, which is expected 
to emerge in the strong coupling limit of type IIA su- 
perstring theory. Recently Monte Carlo studies of the 



supersymmetric MQM have been performed [6(] by us- 
ing a non-lattice regularization Q, which respects su- 
persymmetry maximally. The internal energy calculated 
for a wide range of the effective 't Hooft coupling at fi- 
nite temperature interpolates nicely the weak coupling 
behavior Q , and the leading asymptotic behavior in the 
strong coupling limit predicted from the black hole ther- 
modynamics of the dual geometry. Consistent results are 
obtained also from the lattice approach Q . See Refs. 
for earlier works on the same system based on the Gaus- 
sian expansion method. 

In this Letter we perform a precision test of the above 
gauge-gravity duality by considering a' corrections to the 
black hole thermodynamics. One of our main results is 
that the internal energy E at temperature T is given as 
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in the large- N limit with fixed X^$> T 3 , where c\ ~ 7.41. 
The first term is known Q from the supergravity analysis 
1 ll | . The second term is the one we get from a 1 correc- 
tions, where C is calculable once the 0(a' 3 ) correction 
to the supergravity action is obtained completely. 

On the gauge theory side, A corresponds to the 't Hooft 
coupling constant. By comparing Monte Carlo data at 
large but finite A with Eq. (JTJ) , we can test the gauge- 
gravity duality including a 1 corrections. 

The dual black hole geometry. — The low-energy ef- 
fective theory of type IIA superstring theory can be ob- 



tained at the tree level as S = S, 
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expansion. The type IIA supergravity action corresponds 
to the leading term 5(o) j which is given by 
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in the string frame, where we show the terms which 
depend only on the metric g^, the dilaton </> and the 
Ramond-Ramond (R-R) 1-form potential A = A^dx^ 
with the field strength G = dA. The coefficient k is 
given by k _1 = 167tGn = (27r) 7 a' A g 2 in terms of the ten- 
dimensional Newton constant Gn- In the last term of 
©, we have absorbed the tree-level dilaton factor into 
the normalization of the R-R 1-form potential. 

In type IIA supergravity, N DO-branes at finite tem- 
perature can be described by the non-extremal black 0- 
brane solution. In the decoupling limit, we are interested 
in the excitations of the DO-branes with fixed energy in 
the a' — > limit. Correspondingly, we need to introduce 
a new radial coordinate U = r/a' and take the near- 
horizon limit of the above solution, which reads Q 
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a'"5i/J, G = a H~ H dt A dU , 



where (if2| represents the line element of S 8 . The func- 
tions H(U) and f(U) are given as 
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where A is given by ([2]). The metric ([4]) represents a black 
hole geometry with an event horizon located at U = Uq. 

Black hole thermodynamics. — Given the black hole 
geometry, we can obtain thermodynamical quantities as- 
sociated with it from the geometry at the horizon. 

The Hawking temperature T is obtained by requiring 
that a conical singularity does not appear at U = Ua 
when one makes the Wick rotation and compactifies the 
Euclidean time r = it to fi = T _1 . This gives 
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where c 2 = 7 / {2 i lh^ iri) . Note that the extremal case 
(T = 0) corresponds to choosing Uq = 0. 

The Bckcnstcin-Hawking entropy S is evaluated by the 
area A of the horizon in the Einstein frame as [llj 



N 2 



1 A 

N 2 4G N 



C3 



(7) 



where C3 = 4^" 15s (tt/7)~^ and we have used Eq. ([6]). 

The internal energy E is determined by the first law of 
thermodynamics dE = TdS, and it gives the first term 
in (JTJ) with the coefficient c\ = jrc-^ = 7.407 



Let us recall the region of validity for this leading be- 
havior Q . In order for the contributions from string os- 
cillations to be neglected, the curvature radius p of the 
geometry Q at U = Uq should be much larger than the 
string scale Va*, i.e., 
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which corresponds to T/X^ 1 due to (J6j> . In order for 
the string loop effects to be neglected, the effective string 
coupling at U = Uq should be small enough, i.e., 
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which corresponds to T/Aa ^> N~^. 

Higher derivative corrections. — When ([S]) is not met, 
we need to consider a' corrections to the type IIA super- 
gravity action iS( ) . They can be obtained by calculating 
tree-level scattering amplitudes of the masslcss modes in 
type IIA supcrstring theory. 

Explicit calculations show that the two-point and 
three-point amplitudes contribute only to 5(o) , and hence 
= 5(2) = 0. On the other hand, the four-point am- 
plitudes arc known to give nontrivial contributions to the 
effective action at the order a' 3 
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From this fact alone, we can deduce the power of the 
subleading term in Eq. (TT]). On dimensional grounds, 
the actual expansion parameter in the a' expansion is 
a' /p 2 , which is the inverse of ((8]). Using ((6]), this trans- 
lates to (T/\s)s. Since the black hole thermodynamics 
is expected to receive corrections of the order (a'/p 2 ) 3 ~ 
(T/\i)i, we obtain ii + | — M as the power of the 
subleading term. 

More on a' corrections. — Here we present a more 
detailed analysis of the a' corrections, which yields the 
power of the second term in Eq. |T]). We hope that our 
analysis will be useful also in calculating the coefficient 
G once the complete form of 5(3) is obtained. 

A typical term in 5(3) is given by [lii ] 
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where 1Z 4 stands for a scalar quantity obtained by con- 
tracting indices of four Riemann tensors and multiply- 
ing by some numerical factor. (Its explicit form can 
be found in Ref. [3], for example.) Dilaton-dependent 
terms can be obtained by replacing the Riemann tensor 
by the second covariant derivative D 2 cj) of the dilaton field 
1 1 51 ] . Other possible terms can be written symbolically as 
a' 3 i? 3 G 2 , a' 3 R 2 (DG) 2 and so on dSQ. 

The equations of motion are derived by taking the vari- 
ation of the effective action 5 = 5m) + 5( 3 ) with respect 
to cf>, for instance, as 

= R + Ad^<pd^ 
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and similarly for g^ u and A^. Here we assume that the 
solution to these equations is given by the same form (|4|) 
with the functions H(U) and f(U) replaced by 
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Using this Ansatz, Eq. (fTTj) becomes 
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The last term is obtained by substituting the leading 
terms of the solution into the sublcading terms in (fTTjl . 
The explicit form of h(^) can be obtained once J>(3) 
is given. It is important that this last term has an ex- 

3 

tra factor of A" compared with the other terms, which 
is understandable since the effective expansion parame- 
ter is given by a'/p 2 ~ (£/q/A)5 as mentioned above. 
Note, for instance, that the fourth term in (JTTJ) is esti- 



mated as a 1Z 



x (a'-U-*) 4 = 



A using 



R ~ a' _1 A _ 2 deduced from ((5J). (We have also checked 
by explicit calculations that this kind of estimate is true 
for all possible sublcading terms.) Since the other equa- 
tions of motion have the same structure, we conclude that 
ff(3) and /(3) can be written as 



H i3) =(^ym)> /(s)= (^j)V(t) d4) 

with some functions H(^f-) and f(^f-). 

The location of the horizon C/h is shifted from Uq due 
to the a' corrections, and it should be determined from 
/(E/h) = 0, which reads 
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The Hawking temperature is obtained as 

T = — 
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where c 4 = /(l) — hf'(l) — |iT(l). By solving this equa- 
tion for C/h iteratively, we obtain 
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The Bekenstein-Hawking entropy formula is no longer 
valid in the presence of higher derivative terms, and we 
need to use the Wald formula 18, For spherically 
symmetric black holes, it reads 
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where the variation of the action should be taken by re- 
garding the Ricmann tensor as an independent variable. 
Explicit calculations yield 
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where we define 1Z 3 = 2g u guu {S1Z 4 / SRtutu) ■ Inserting 
the leading supcrgravity solution to the 0(a' 3 ) terms in 
(13) Eq. mi), weobtaina' 3 (ft 3 + ---) = s(^)(U/\h)i, sim- 



ilarly to the argument that led to (fT4|) . Therefore the 
entropy (fT8|) is evaluated as 
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where C5 = — | C4 + s(l) and the horizon area A includes 
ol corrections through Eqs. (fT4|) and (fTS"]) . The internal 
energy is obtained as ([I]), where C = — §§cic 5 (c 2 ) _ 5 . 

TTie worldvolume theory. — The worldvolume theory 
of N DO-brancs is given by the U(iV) supcrsymmetric 
MQM defined by the action 
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where D t = dt — i[A(t), ■ } represents the covariant 
derivative with the gauge field A(t) being an N x N Her- 
mitian matrix. The model describes the open string de- 
grees of freedom attached to the branes, which are decou- 
pled from the bulk degrees of freedom in the decoupling 
limit a' — ► with fixed A. Note that N and A can be 
arbitrary for this statement. 

Monte Carlo results. In simulating the model (I2ip . 
we fix the gauge by the static diagonal gauge A{t) = 
4diag(o!i, • • • , ajv), where —it < a a < n, and introduce 

a UV cutoff A as Xf(t) = J2t=-A X^c 27rmt ^ . Integra- 
tion over the fermionic matrices yields a complex Pfaf- 
fian, which is replaced by its absolute value following the 
argument in Ref. [2(| based on the large- A" factorization. 

The effective coupling constant is given by A e fi = A/T 3 , 
and we set A = 1 in actual simulations without loss of 
generality. In Fig. [T] we plot 7.41 T~ — -j^E against T in 
the log-log scale. Indeed the plot reveals a clear power- 
law behavior of the sub-leading term with the power ^ = 
4.6 as predicted in Eq. (Q}. The data points for A = 
6 show small discrepancies at T < 0.55, which can be 
understood as finite A effects by comparing them with 
the data points for A = 8. Fig. [2] shows a linear plot of 
the energy as a function of T. Fitting the data within 
0.5 < T < 0.7 (with largest A at each T) to j^E = 
7.41 Tir -CT p , we obtain p = 4.58(3) and C = 5.55(7). 
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If we instead make a one-parameter fit with p = 4.6 fixed, 
we obtain C — 5.58(1). This value, in turn, provides a 
prediction for the a' corrections on the gravity side. 
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N 17. A 6 > 
N 17. A 8 < a 



0.5 



InT 



FIG. 1: The deviation of the internal energy jr^E from the 

14 

leading term 7.41 is plotted against the temperature in 
the log- log scale for A = 1. The solid line represents a fit 
to a straight line with the slope 4.6 predicted from the a' 
corrections on the gravity side. 
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FIG. 2: The internal energy jpE is plotted against T for 
A = 1. The solid line represents the leading asymptotic be- 
havior at small T predicted by the gauge-gravity duality. The 
dashed line represents a fit to the behavior ([TJ including the 
subleading term with C — 5.58. 

Summary. — We have discussed the a' corrections to 
the black hole thermodynamics, which enable us to de- 
termine the power of the sub- leading term in (JTJ> . This 
power is then found to be reproduced precisely by Monte 
Carlo data in gauge theory. Let us emphasize that the 
subleading term is crucial for the precision test of the 
gauge-gravity duality. It is intriguing that our results in 
gauge theory can tell us the absence of O(a') and 0(a' 2 ) 



corrections to the supcrgravity action. 

Recently [2(j Monte Carlo data for the Wilson loop 
are also shown to reproduce a prediction obtained by es- 
timating the disk amplitude in the dual geometry. Unlike 
the present case, a' corrections to that quantity start at 
O(a') due to the fluctuation of the string worldshcet and 
its coupling to the background dilaton field. 

While it is certainly motivated to obtain the coefficient 
C of the subleading term from gravity, our results already 
provide a strong evidence that the gauge-gravity duality 
holds including a' corrections. This, in particular, im- 
plies that we can understand the microscopic origin of 
the black hole thermodynamics including a 1 corrections 
in terms of the open strings attached to the DO-branes. 
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